This paper contains a review of Clairaut's theory with focus on the determination of a gravitational rigidity modulus γ defined as
γ , where R is the body radius and G is the gravitational constant. The new results are: a variational principle for γ, upper and lower bounds on the ellipticity that improve previous bounds by Chandrasekhar [6] , and a semi-empirical procedure for estimating γ from the knowledge of m, I • , and R, where m is the mass of the body. The main conclusion is that for 0.2 ≤ I • /(mR 2 ) ≤ 0.4 the approximation γ ≈ G 
Introduction
Most celestial bodies are large extended objects, almost spherical in shape, almost rigid, and usually with spin. In most cases the deformation is caused by the motion itself and it is difficult to determine the laws that relate motion to deformation. This paper is about one of these laws: the static gravitational rigidity that relates the spin of a body to its flatness. The static gravitational rigidity is characterized by a single parameter γ which can be defined in different ways (we will follow the definition and notation in [22] [23] ). The goal of this paper is to review the classical theory used in the determination of this parameter. The novelties are: the unusual approach to the subject in considering the mean moment of inertia of the body as a given quantity (usually this is the main unknown to be determined), a new variational principle for the static gravitational rigidity, and a new differential equation for γ that allows for obtaining sharp upper and lower bounds for this quantity. These three new aspects are detailed in the following paragraphs.
A celestial body is considered large when self-gravitation dominates over any elastic stress. In this case the self-gravitational force is balanced by the hydrostatic pressure and the resulting equilibrium shape at rest is spherically symmetric with moment of inertia I • along any axis passing through the center of mass. We are interested in small deformations of this spherical shape under slow rotational motion. Deformations are always assumed to be small and incompressible.
1 Under these conditions it was showed by G. Darwin [26] that the trace of the moment of inertia tensor remains invariant, namely, if A ≤ B ≤ C denote the time-dependent principal moments of inertia of a body then
does not depend on time.
To a given body of mass m and moment of inertia I • we can associate the radius of inertia that is a length scale given by
The radius of inertia is the radius of a homogeneous ball of mass m and moment of inertia I The quantity ω I , which we call the inertial frequency, admits three interpretations: it is the smallest angular frequency of oscillations of a homogeneous spherical mass of liquid with mass m and moment of inertia I • ( [15] paragraph 262 Eq. (10)), it is 4/5 times the square of the angular velocity of a particle moving with a circular orbit of radius R I around a point mass m, and it is the gravitational modulus of rigidity γ, to be defined below, of a homogeneous spherical mass of liquid with mass m and radius R I . The three quantities m, R I , and γ I do not depend on the deformations of the body and may be considered as invariant properties of the given deformable body. This entire paper is about the determination of the parameter γ that characterizes the static gravitational rigidity of a given body. This parameter is defined in the following way. The effect of the centrifugal force upon an isolated body under uniform steady rotation is to flatten the body along the axis of rotation. Let Ω > 0 be the constant angular spin rate. 2 The amount of flatness can be measured by the increase in the moment of inertia C along the axis of rotation. In [22] and [23] , under the hypothesis that Ω 2 (time −2 ) represents the centrifugal stress, therefore the gravitational modulus of rigidity γ has the unusual dimension time −2 . Notice that the geometric radius 2 A main issue in the dynamics of deformable bodies is to define a "body frame" or, equivalently, a notion of body rotation. In principle, each point of the body may rotate differently about a given inertial frame. The definition adopted in [22] and [23] is that of Tisserand: if L is the instantaneous angular momentum (vector) and I is the instantaneous moment of inertia (matrix) then the instantaneous angular velocity (vector) Ω is defined by L = IΩ. The Sun, for instance, requires the use of this definition.
of the body R (in this paper R always refer to the volumetric mean radius) does not appear in the definition of γ. 3 In particular, if two homothetic bodies have density functions that are proportional, then they have the same ratio
and, therefore, γ is invariant under rescalings of length and mass.
Using the well known relation J 2 = (C −A)/mR 2 , where A is the moment of inertia along an axis passing through the equator and J 2 is the dynamic form factor, γ can be written as
The constant γ is also related to the static fluid Love number k 2 ([23] equation (14))
Both in equations (1.5) and (1.6) the relation of γ with more familiar quantities involve the body radius R, a quantity that neither appears in the definition of γ nor in the dynamic model presented in [23] . Nevertheless, in this paper R is an important quantity. If in the non-rotating state, the radially symmetric density ρ of the body is a non-increasing function of the radius, a hypothesis assumed throughout the paper, then the radius and the inertial radius satisfy
with R I /R = 1 if, and only if, ρ is constant (this well known inequality is proved in Proposition A.1 in Appendix A)).
4
The paper is organized as follows. Sect. 2 contains a review of the theory of Clairaut which describes the flattening of a rotating body with radial stratification of density. This Section is subdivided into several subsections where we discuss different types of radial density distributions: piecewise constant, with a point-mass at the center, and induced by a polytropic gas.At the end of Section 2 we present the approximate theory of Darwin-Radau. This Section does not contain any new result but another way to look at old formulas which highlight some of their interesting features. For instance, the Darwin-Radau approximation gives rise to an estimate of γ (equation (2.69)) that depends only on the ratio R I /R ≤ 1 and such that
Since the Darwin-Radau approximation is exact for R I /R = 1 we conclude that γ ≈ γ I whenever R I /R ≈ 1. A plot (Figure 3 (a)) shows that this approximation almost coincide with that by the Darwin-Radau equation for 0.89 < R I /R ≤ 1 and, for a polytrope, the approximation is correct up to 3% within the range 0.7 < R I /R ≤ 1 ( Figure 3 (b) ).
In Section 3 we present a variational principle for γ. There are at least two different variational characterizations of Clairaut's equation: one due to Macke and Voss (see [17] Section 3.3) and another due to Rau [24] . The variational principle of Rau uses the adjoint equation to Clairaut's equation and is very different from the variational principle of Macke and Voss. We also present a variational characterization of Clairaut's equation, which is different but related to that of Macke and Voss, with the additional property that the value of the functional to be minimized has γ as its minimal value. Although this variational principle can be used to estimate the value of γ for a given density function ρ, which can also be done simply by integrating Clairaut's equation, its relevance is mostly conceptual.
In Section 4 we derive a new first order differential equation that allows for the determination of γ without having to solve Clairaut's equation. Using this equation we were able to show that for any non increasing density function 3 2
This is the main result in the paper. In particular it implies that the DarwinRadau theory cannot be valid if
denotes the ratio of the centrifugal acceleration at the equator to the gravitational acceleration on the body surface and ǫ(R) denotes the ellipticity of the rotating figure of equilibrium, then inequalities (1.9), equation (1.5) , and the relation 3J 2 = 2ǫ(R) − µ imply
These inequalities must be compared to those of Chandrasekhar [7] , [6] 
obtained without any constraint on the ratio R I /R (according to [7] , equation (100), the first lower bound was known to Laplace). The lower bound in inequality (1.11) coincides with the lower bound by Chandrasekhar if R I /R = 1 and the upper bound in inequality (1.11) coincides with the upper bound by Chandrasekhar if R I /R = 0. For other values of R I /R our inequalities, which essentially cannot be improved without further constraining the density, represent a great advance with respect to those of Chandrasekhar. In Section 5 we present an application of the results in the previous sections to large bodies in the Solar system (Sun, Earth, Mars, Jupiter, Saturn, Uranus and Neptune). The value of γ is estimated by different means: integration of Clairaut's equation using density functions available in the literature, the Darwin-Radau approximation, and equation (1.5) with values of Ω and J 2 obtained from observations. The results are summarized in tables and figures given in Section 5.
Finally, Section 6 is a conclusion where we propose a way to estimate γ in terms of m, I • , and R. Polytropes are taken as archetypal models and it is verified that the values of γ obtained with this model are close to those estimated from observations for the large bodies in the solar system.
Up to now the transit method is the most successful technique in observing extrasolar planets. As argued in [14] , "the shape of the transiting light curve might, in principle, reveal the shape of the planet, and in particular, its deviation from spherical symmetry", namely ǫ(R). If this is the case, the results in this paper that relate m, I • , R, Ω, and ǫ(R) (or/and J 2 ) may be very useful in constraining the values of I • and Ω for exoplanets in the same way the Darwin-Radau does but with the advantage of being applicable to ratios of R I /R to which the Darwin-Radau theory does not apply.
Clairaut's Equation
The main goal in this section is to review some results about Clairaut's equation and to solve it in some special cases. The theory of figures of Clairaut is explained in detail in [21] , [17] , and [32] .
The Clairaut's equation (first obtained in 1743) describes the equilibrium configuration of a spherically symmetric self-gravitating celestial body made of an incompressible fluid. The body is supposed to be rotating steadily with uniform angular speed Ω about a fixed axis e 3 passing through its center of mass. In the rotating frame the configuration must satisfy the stationary Euler's equation given by
where x is the position vector,ρ(x, t) is the density, p(x, t) is the pressure,
) is the potential of the centrifugal force and Φ is the gravitational potential given by
Equation (2.12) shows that ∇ρ × ∇[Φ + Φ c ] = 0, so the level sets of all three functionsρ, Φ + Φ c , and p coincide.
For Ω = 0 equation (2.12) has a solution with spherical symmetry. For Ω > 0 sufficiently small we may expect the existence of solutions with level sets which are approximately ellipsoids of revolution. More precisely, if for Ω = 0 the radius of a spherical shell of constant density is r > 0, then for Ω > 0 this shell becomes ellipsoidal and is given by
where ǫ(r) > 0 is the small flattening of the ellipsoid, defined as the ratio (equatorial radius -polar radius)/(equatorial radius).
In spherical coordinates (r, θ, φ), with polar axis given by e 3 , it can be shown that
where: 14) ρ is the spherically symmetric density function of the body at rest with ρ(r) = 0 if r > R, and a prime denotes a derivative with respect to r. The gravitational potential external to the body can also be written as
where J 2 is "the dynamic form factor". So,
Under these hypotheses a nontrivial argument, where terms of order ǫ 2 are neglected (see, for instance, [8] , [17] , or [32] ), shows that
This is Clairaut's integral equation that can be written as
(2.18) Clairaut's equation can be presented in different forms, which are interesting for different reasons. Let
be the mean density inside the spheroidal shell of radius r and
where 
where we used 
Further differentiation with respect to r gives the Clairaut's differential equation
that can also be written as
where we used equation (2.21) . Many realistic models for ρ have points of discontinuity as, for instance, the "Preliminary Reference Earth Model" (PREM) [10] . In the following we rewrite Clairaut's equation (2.18) in a way which is convenient for working with densities that satisfy the following hypothesis:
ρ is: non-increasing; piecewise C 2 with finitely many points of discontinuities 0 < r 1 < r 2 , . . . , < r n ≤ R; and ρ(r) = 0 for r > R. 
where q(0) = σ(0) = q 0 must be understood as lim r→0 [q(r) − σ(r)] = 0 with r > 0. If ρ has points of discontinuity as in hypothesis (2.27), then let χ j be the density jump at r j ,
where r → (r j ) − denotes the limit as r tends to r j with r < r j . The derivative of ρ at r j , in distribution sense, is ρ ′ (r) = χ j δ(r − r j ) where δ is the Dirac δ-measure. Using this fact and integrating equations (2.30) in a neighborhood of r j we obtain the following jump conditions at r j :
Equations (2.30) plus the jump conditions (2.32) entirely determine the solution to Clairaut's equation (2.18) . We remark that σ and ǫ are continuous functions even when ρ is not and that if r n = R is a point of discontinuity, then q(R) = 0 in equation (2.30) must be understood as 
and, the well known relation,
In order to solve the boundary value problem in equation (2.30) it is convenient to further change of variables as
37) the boundary conditions become
and the jump conditions become ∆w(r j ) = 3 5
The following Proposition is well known in the case where ρ is C 2 (see, for instance, [21] chapter IV) and due to its importance in this paper it is proved in Appendix A. The following algorithm allows for the solution to equation (2.18) . Let (w,ỹ) be the solution to the differential equation (2.37) with the initial conditionw(0) =ỹ(0) = 1 and the jump conditions (2.39). We claim that w(R) = 0. Indeed, ifw(R) = 0 then (ỹ,w) satisfies the boundary conditions (2.38) with Ω = 0 and the corresponding ǫ solves equation (2.18) with Ω = 0, which is impossible due to Proposition 2.1. The desired solution (w, y) to the boundary value problem in equations (2.37), (2.38), and (2.39) satisfies the initial condition
Piecewise constant density functions
In this paragraph we consider functions ρ of the following form
In this case the solution to equation (2.30) is continuously differentiable in each interval r j−1 ≤ r < r j , j = 1, . . . n. Using the definitions
and the initial conditions q(0) = σ(0) = q 0 , we can write the solution to equation (2.30) as
The jump conditions at equation (2.32) imply
For r j ≤ r < r j+1 , j = 1, . . . n − 1, the solution to equation (2.30) can be written as
Using the jump conditions in equation (2.32) we obtain that, for j = 2, . . . n,
For numerical computations it is convenient to add the following recursion relation for ρ(r j ) def = ρ j :
Finally, the boundary condition q(R) = 0 implies
and equation (2.34) implies
The solution to this boundary value problem can be easily obtained using the transformation (2.36) and the initial condition (2.40).
Two-layer models and generalized "Roche models"
Consider a density function with just two different values with x = r 1 /R denoting the internal point of discontinuity of the density. Then after using a computer algebra system we obtain
This expression, equation (1.5) and the definition γ I = (4/5)(Gm/R 3 I ) imply
This expression can be further simplified using the relations
the result is
where
Notice that the condition α ≤ 1 and equation (2.53) imply that
Two interesting limits of two layer bodies are discussed in the following. These limits are generalizations of the usual Roche model, which consists of a point mass surrounded by a medium so rarefied that its mass can be neglected. Homogeneous core Roche model: is the body obtained as α → 0 while x remains fixed. So the limit body is just a homogeneous body of density ρ 0 and radius R I surrounded by a rarefied layer of thickness R −R I of negligible density. The family of homogeneous core Roche models is parameterized by x = R I /R ∈ (0, 1) and, for all x, γ/γ I = 1 in agreement with equations (2.52) and (2.51), respectively. Thick shell Roche model: The second limit is more interesting and occurs as x → 0 while R I /R remains fixed. In this case equation (2.53) implies
and equation (2.51) implies
The equation for the moment of inertia,
and from this equation and equation (2.55) follow
So, if R I /R < 1, the limit body obtained as x → 0 represents a family of "Roche models" that consists of a point at the origin with mass . Notice that the limit as R I /R → 0 represents the actual Roche model where the surrounding medium is so rarefied that the moment of inertia of the body can be neglected.
Polytropic models
The interior density distribution of stars and fluid planets can be easily determined under the hypothesis that they are made of a polytropic fluid such that pressure depends upon density as
where K > 0 is a constant and n is the polytropic index. For Ω = 0, equation (2.12) for the hydrostatic equilibrium becomes
where we used the expression for Φ 0 given in equation (2.14). If we write
where λ > 0, then equations (2.57) and (2.58) imply that θ must satisfy
If a new spatial variable ξ is defined as
then we obtain the so called Lane-Emden equation
The initial conditions are: θ(0) = 1, which is just a normalization such that λ = ρ(0), and θ ′ (0) = 0, which is due to the regularity of the density at r = 0. For 0 < n < 5 the Lane-Emden equation has a solution θ that reaches zero at a finite value of ξ denoted as ξ 1 . So, for each value of n ∈ (0, 5) the solution to the Lane-Emden equation, which is refereed as a polytrope, defines a body of radius
Notice that, given λ and n, R is determined by K. The mass of the body is given by
and the moment of inertia of the body is given by
Equations (2.63) and (2.64) and the relation I • /(mR 2 ) = 0.4(R I /R) 2 imply
This equation shows that R I /R is determined entirely by the polytropic index, it neither depends on λ = ρ(0) nor on K. Figure 1 , which was obtained from the numerical integration of the Lane-Emden equation, shows that the relation of R I /R and n is one-to-one and almost linear. Given a density distribution ρ determined by a polytropic fluid it is possible to numerically integrate Clairaut's equation to obtain the ratio γ/γ I . As said in the Introduction, γ is invariant under homothetic transformations that preserve the density, so γ can be computed using a body of radius R = ξ 1 . Moreover, γ/γ I is additionally invariant under the multiplication of ρ by a constant (see, for instance, equation (3.72)), so γ/γ I does not depend on λ either, and we obtain that γ/γ I is determined entirely by the polytropic index n. Since there is a one-to-one correspondence between n and R I /R, the value of γ/γ I for bodies modeled by polytropes is fully determined by the ratio R I /R. The graph of γ/γ I as a function of R I /R is shown in Figure  1 .
2.3
The Darwin-Radau approximation
The Darwin-Radau approximation consists on the substitution [8] , [17] , [32] η = r ǫ ǫ ′ into equation (2.26 ) that leads to the equation where
The last approximation is based on the empirical fact that for any planet in the solar system the maximum difference |ψ(η) − 1| is 0.026 ( [8] pg 81). Equation (2.66) with ψ(η) = 1 can be explicitly integrated
From equation (2.21) we obtain
and from equation (2.24)
From the last three equations we get
and, using equation (2.35), we obtain
Finally, using equations (1.5), (1.2), and (1.3) we obtain the Darwin-Radau approximation for γ:
Notice that if R I /R = 1 − δ then the above formula gives γ/γ I = 1 + O(δ 3 ), which is equation (1.8) in the Introduction.
3 A variational principle for the gravitational rigidity parameter γ.
In this section, until otherwise state, we suppose that
The modulus of rigidity γ has the following integral characterization. Multiply equation (2.22) by ǫ(r), integrate over [0, R], and use equations (1.5) and (2.16) to obtain:
Moreover, using that
and rescaling the space variables in the above integrals by R , we obtain:
This expression shows that the nondimensional ratio γ/γ I depends on the three variables m, I • , and R exclusively by means of the ratio R I /R. In particular, the multiplication of the density function of the body by a constant does not change the value of
be the weighted space of Lesbegue square integrable functions with inner product given by
Let N and M be the operators on L 2 ρ defined by
Using these operators, Clairaut's equation (2.22) can be written as
Proof. The proof of the lemma requires the following. 
Proof. Consider a new inner product defined by
ρ with this new inner product is also a Hilbert space that will be denoted as L
In order to write A more explicitly, it is convenient to rewrite the function K given in equation (2.20) as
where P (a, r) = F (a, r) a 5 r 5 Notice that P (a, r) = P (r, a) and
which implies that P is continuous for (a, r) = (0, 0). Notice that
where F (a, r) is the symmetric positive function
This implies that A is symmetric, u, Av M = v, Au M , and
Therefore, by theorem VI-23 in [25] , A is a Hilbert-Schmidt operator in L 2 M which implies that it is bounded and compact. Since F (a, R) > 0, the operator A is a strongly positive operator in the sense that it maps a non-negative continuous function that is not identically to zero to a strictly positive function. All these properties imply that the Krein-Rutman theorem (Theorem 7.C in [30] ) can be used to show the existence of a unique maximal eigenvalue λ 1 > 0 associated to a unique positive eigenfunction u 1 such that Au 1 = λ 1 u 1 . The maximal eigenvalue of a Hilbert-Schmidt operator satisfies the inequalities:
Then the proposition follows from: 
So, using that ǫ and u 1 are positive, we obtain
where 1 − λ 1 > 0 is given in equation (3.77) . This finishes the proof of the lemma.
The positivity of the functional V , given in lemma 3.1, implies that the solution to Clairaut's equation (3.75) has the following variational characterization. The operator 
where the 1 inside brackets means the constant function equal to one. This variational characterization and equation (3.71) imply
and, using γ I = (4/5)(Gm/R 3 I ),
Discontinuous mass distributions with
The mass distribution of the "Preliminary Reference Earth Model" (PREM) [10] does not satisfy hypotheses (3.73). From a physical perspective this may not be relevant because the density distribution of the PREM can be arbitrarily well approximated (pointwise and in the L 2 sense) by densities which are smooth and strictly decreasing in the interval (0, R). In this section we exhibit an approximation scheme that allows for the use of the variational principle in equation (3.81) when ρ : R → [0, ∞) satisfies the hypotheses in equation (2.27) . It is convenient to extend ρ to r < 0 as an even function. We will regularize ρ using a mollifier. Let f : R → R be a C ∞ positive even function, with support in the interval [−1, 1], with R f (r)dr = 1, and such that f ′ (r) < 0 for 0 < r < 1. For a given small ζ > 0, let g ζ : R → R be the function g ζ (r) = ζ(R − |r|) for |r| ≤ R and g ζ (r) = 0 for |r| > R. A regularized density function ρ ζ is defined as
For any ζ > 0, the function ρ ζ is: C ∞ , positive, and even. We claim that ρ ′ ζ < 0 if 0 < r < R + ζ. We split the proof of the claim into two parts: 0 < ζ ≤ r and 0 < r < ζ. For 0 < ζ ≤ r the derivative of ρ ζ is
Since: f ′ is odd, f ′ (r−a)/ζ > 0 (< 0) for r < a < r+ζ (r−ζ < a < r), and ρ(a) + g ζ (a) is positive and strictly decreasing for 0 < a < R, the first term in the right hand side of the equation above is negative and it is larger in absolute value than the second term, which is positive. Therefore ρ ′ ζ (r) < 0 for 0 < ζ ≤ r < R + ζ. For 0 < r < ζ the derivative of ρ ζ is
The integral in the first line is negative by the same argument given in the previous case. If we change the variables of the third integral as a → 2r − a, then the sum of the second and third integrals can be written as
where we used that f ′ is odd and ρ + g ζ is even. This integral is negative because f ′ (r − a)/ζ > 0 for 2r < a < r + ζ and ρ(a) + g ζ (a) is strictly decreasing for 0 < a < R. As ζ → 0 the mollifier f (r/ζ)/ζ tends to the Dirac-δ distribution and therefore ρ ζ (r) → ρ(r) and ρ ′ ζ (r) → ρ ′ (r) whenever r is a point of continuity of ρ. At a point of discontinuity r j , ρ ζ (r) → χ j δ(r − r j ) where δ is the Dirac δ-measure and χ j is the density jump defined in equation (2.31) .
For a given ρ satisfying hypotheses (2.27), consider the functional V defined on equation (3.76) restricted to the space of continuous functions on [0, R]. At a point of discontinuity of ρ, ρ ′ must be understood as a δ-distribution (what explains the necessity of restricting V to the space of continuous functions). Let V ζ be the same functional defined using the regularized density ρ ζ . For a given u, standard arguments in the theory of distributions show that lim ζ→0 V ζ (u) → V (u). By lemma 3.1 V ζ (u) > 0 that implies the following. 
where V is given in equation (3.76 ) and
If ǫ is the solution to the Clairaut's equation then
We recall that the solution ǫ to the Clairaut's equation is continuous even when ρ has points of discontinuity.
Variational principle for piecewise constant mass distributions
At first consider the case of a homogeneous body of constant density ρ 0 . In this case −ρ ′ (r) = ρ 0 δ(r − R) and from equations (3.73), (3.76), and (2.20)
and
So, inequality (3.83) implies
Notice that the right hand side does not depend on u and therefore the equality holds. This result agrees with that obtained directly from equations (2.18), (1.5), and (2.16). The same computation can be done for a piecewise constant density distribution as that in equation (2.41). Using ρ ′ (r) = − χ j δ(r − r j ), where from equation (2.31)
where, from equation (2.20),
So, for any set of values {u(r 1 ), . . . , u(r n )} ∈ R n the following inequality must hold
with equality exact at {ǫ(r 1 ), . . . , ǫ(r n )} that is the solution to the discrete Clairaut's equation discussed in Section 2.1.
A Riccati equation associated to γ and inequalities
The Darwin-Radau approximation is obtained from a first order differential, equation (2.66), associated to Clairaut's equation. In this section, from Clairaut's equation, we derive another first order differential equation and from this equation we obtain a sharp lower bound for γ/γ I . Equations (1.3), (1.5), and (2.17) can be combined to give
The substitution of ǫ(R) = − 
The last two equations give
where v(r) = w(r) y(r) . 
m and a surrounding homogeneous layer with mass
Proof. In the following we will assume that ρ is C 2 . The same regularization argument presented in Section 3.1.1 implies that the theorem holds for discontinuous densities as those in hypothesis (2.27). Equation (4.89) implies that inequality (4.94) holds if, and only if,
In order to estimate v(R), we multiply equation (4.91) by r 5 ρ(r) and integrate its left hand side by parts 
So inequality (4.95) holds if
where we used ρ ′ (r) = 3 r ρ(r) − ρ(r) , equation (2.21). We will show that H(r) ≥ 0 for 0 ≤ r ≤ R.
Notice that
and, after some computation using equation (4.91), the definition of H, and equation (2.21) We will show that there exists r >r sufficiently close tor such that H(r) > 0 and H(r) ≥ 0 forr < r ≤ r. Since v(r) = 1, there existr >r sufficiently close tor such that, forr < r <r, 1 − 5v(r) < 0. Now, suppose that there exists a value of r * ∈ (r,r) such that H(r * ) < 0. Then there exist r * * ∈ [r, r * ) (possibly r * * =r) such that H(r) < 0 for r * * < r ≤ r * and H(r * * ) = 0. The integration of equation (4.96) gives r * H(r * ) = r * r * * 1 − 5v(a) H(a)da + 6 r r ρ(a) − ρ(a) da, which is impossible because the left hand side of this equation is strictly negative and the right hand side is strictly positive. So H(r) ≥ 0 for r ∈ (r,r) and again integration of equation (4.96) gives that H(r) > 0 for some r >r sufficiently close tor. Now we claim that H(r) > 0 for r ≥ r. Indeed, if there exists r > r such that H(r) = 0, then equation (4.96) implies rH ′ (r) = 6(ρ(r) − ρ(r)) > 0 which is impossible. Therefore H(r) ≥ 0 for 0 ≤ r ≤ R. where the supremum is taken over all ρ ′ s that satisfies hypothesis (2.27 ). This function is non increasing due to the ill defined concept of geometric radius for bodies with low density external shells (see [2] for a discussion on the definition of the radius of a star). The proof that Γ is non increasing is based on the following argument: a density distribution that is positive only for r <R can be extended to a larger radius R adding a negligible layer of mass that does not change the value of γ/γ I but decreases the value of R I /R. A detailed proof is the following. Suppose that for a certain value ofR I /R there exists a densityρ for whichγ/γ I = Γ(R I /R) (if the supremum of γ/γ I is not realized by any densityρ thenρ must be substituted for a maximizing sequence). For a small value of ζ > 0 let R ζ be the largest value of r such thatρ(r) > ζ for r < R ζ . For R >R consider the new density function given by: ρ ζ (r) =ρ(r) for r < R ζ , ρ ζ (r) = ζ for R ζ ≤ r < R, and ρ ζ (r) = 0 for r ≥ R. Notice that ρ ζ →ρ as ζ → 0 uniformly in the interval [0, R]. Therefore all the quantities m ζ , I •ζ , R Iζ , γ Iζ and γ ζ tends to those respective quantities ofρ as ζ → 0 (note that for r >R the solutionv to equation 
It is a remarkable fact that ρ/ρ satisfies a differential equations which is similar to equation (4.91). Indeed, equation (2.21) implies
and from this follows a very symmetric form of equation (4.91):
Notice that the left hand side of this last equation is the derivative of the function v s (r) at r = s as given in equation (4.97). So, we define a new variable
and from equation (4.100) and the initial values v(0) = 1 and f (0) = ρ(0)/ρ(0) = 1 we obtain
We remark that v s (s) = z(s). Let β(s) be the the inertial radius of ρ s divided by s, namely All these definitions and equation (4.89), namely
, imply that Γ(s), which is the value of
for the density function ρ s , is given by
. The right hand side of equation (4.104) has two factors: f 10sβ 5 , which is greater or equal to zero for s > 0, and P (β, Γ) = 18β 10 + (125β 3 − 111β 5 )Γ − 32Γ 2 , which is a quadratic polynomial in Γ. For a given value of β ∈ (0, 1], Γ → P (β, Γ) has a positive root Γ = Γ 1 (β) given by
and another negative root such that P (β, Γ) < 0 for Γ > Γ 1 (β) and P (β, Γ) > 0 for 0 < Γ < Γ 1 (β). The graph of Γ 1 (β) for β ∈ (0.9, 1) is given in Figure 4 . The point of maximumβ of Γ 1 (β) can be calculated in the following way. Equations , which ends the proof of the theorem. Remark: There are density functions for which γ/γ I are larger than one: a polytrope of index n = 0.4604 has R I /R = 0.9102 and γ/γ I ≈ 1.0003 > 1 (numerically estimated); and the parabolic density function ρ(r) = 1 − r 2 , for 0 ≤ r ≤ 28/48, and ρ(r) = 0, for r ≥ 28/48, has R I /R = 0.947331 and γ/γ I ≈ 1.0008 (numerically estimated). I believe that the upper bound γ γ I ≈ 1.001401 is sharp, namely there are density functions for which the value of γ/γ I gets arbitrarily close to 1.001401 . . .. If this is true, then it is an interesting mathematical problem to determine the limit density profile that maximizes γ/γ I . Both, the fact that the upper bound of γ/γ I as a function of R I /R is non increasing and that γ/γ I = 1 for R I /R = 1, shows that our upper bound as a function of R I /R can be sharp only for R I /R ≤ 35/39. Theorem 4.2 establishes a limit for the validity of the Darwin-Radau theory. Indeed, as illustrated in Figure 3 (4.106) From Figure 3 (b) it is possible to see that for a polytrope, within the range 0.7 ≤ R I /R < 1, the approximation γ = γ I has a maximum relative error of the order of 3% while the Darwin-Radau approximation has a relative error of the order of 20%. Figure 4 shows γ/γ I as a function of R I /R ∈ (0, 1) for: the Clairaut's approximation, for the polytropes, for the thick shell Roche models presented in Section 2.1.1, which are the lower bounds for γ/γ I , and for the upper bound given in Theorem 4.2. Comparison between the numerically computed value of γ/γ I for a polytrope and the same quantity computed using the DarwinRadau approximation. Notice that for 0.7 ≤ R I /R < 1 the value γ/γ I = 1 approximates better the actual value of this quantity for the polytrope than the Darwin-Radau approximation.
Computation of γ for some celestial bodies
In this section we compute the values of γ for some bodies in the solar system solving numerically Clairaut's equation according to the algorithm described in the paragraph above equation (2.40). In the literature there is more than one proposal of mass-distribution for the same body, in most cases we just choose one. Our goal is to compare the values obtained with: the direct integration of the Clairaut's equation, the Darwin-Radau approximation, the upper and lower bounds in Theorems 4.1 and 4.2, and the value γ ob = I• mR 2 Ω 2 J 2 (equation (1.5) ), where Ω and J 2 are values found in the literature, which were estimated from observations.
In principle, the values of γ ob do not have to match the value computed using Clairaut's equation for three reasons. The first is that in Clairaut's theory only gravitational forces are taking into account while γ ob is due to gravity plus solid and fluid elastic forces. The dominance of the gravitational forces over the elastic forces tends to increase as the body increase. The second reason is that tide-dissipation is slowing down the spin of celestial bodies, so viscous forces, both in the fluid and in the solid part, may offset the system from equilibrium (this was the explanation found in [16] for the difference between the Earth flattening predicted under the hydrostatic hypothesis and the observed one). The third reason is that Clairaut's theory is of first order in the small parameter
, so, as this parameter increases, higher order corrections become more important. In spite of all these remarks, the values of γ ob are reasonably well approximated by the values found using Clairaut's theory.
The results are summarized in: Table 1 , which contains the data used in the computations; Tables 2, which contain the values of γ obtained in different ways; in Figure 5 ; which contains the density functions and the value of the flatness for four of the bodies in Table 2 ; and Figure 6 , which summarizes all the data in this section.
Remarks and notation:
a) The gravitational constant is G = 6.67408 × 10 e) γ P is the value of γ under the hypothesis that the body is made of a polytropic fluid with an index determined by the ratio R I /R (see Section 2.2).
is the value of γ where Ω and J 2 are numbers found in the literature, which were estimated from observations. As remarked above γ ob does not necessarily represent the same physical quantity as γ C , γ P , or γ DR .
g) The value C/(mR 2 ), where C is the polar moment of inertia, is more frequently found in the literature than I • /(mR 2 ). The two quantities are related by I • /(mR 2 ) = C/(mR 2 ) − 2/(3J 2 ).
h) For Mars, the value of γ ob /γ I = 0.9126 is considerably smaller than that obtained from the Darwin-Radau approximation γ DR /γ I = 0.9997. This difference is discussed in [31] (see p. 368) and it may be caused by non gravitational internal tensions.
i) The Sun I. It was more difficult to obtain the several values of γ for the Sun than for the other bodies. The Sun has a ratio R I /R ≈ 0.4 and therefore it has a higher concentration of mass at its core than the other bodies. It is well-known that the internal angular velocity of the Sun varies with the radius and this requires a modification of the Clairaut's theory [32] . Nevertheless, this radial variation of angular velocity seems to be concentrated near the core (see [4] Figure 1 ) and we decided to apply the usual Clairaut's theory with an averaged angular velocity Ω in the sense of Tisserand, which is defined by L = I • Ω where L is the Sun angular momentum. We found several proposals of internal density distributions for the Sun (Solar Standard Models) and we did computations with two of them.
j) The Sun II. The first density distribution we used is that in [5] . In this reference the authors provided all constants we needed except for [5] is shown in Figure 5 . We used J 2 = 0.2295 × 10 −6 [29] . For this set of data we obtained: γ I = 3.5965 × 10 −6 s −2 , γ C /γ I = 0.5326 (obtained from the numerical integration of Clairaut's equation), and γ ob /γ I = 0.7872. According to Section 2.2 the ratio R I /R = 0.444 corresponds to a polytrope of index n = 2.948 and a γ P /γ I = 0.811. We observe that the values γ C /γ I = 0.5326 and γ ob /γ I = 0.7872 are very different, indeed γ ob is closer to the value γ P of the polytrope than to γ C . Since Tables 1 and 2. k) The Sun III. Since with the density model in [5] we did not get a reasonable result we tried a second one that is given in [1] . All the results in [1] are normalized by the Solar radius that we chose as R = 695700km. Explicit values for m and I • are not provided in [1] , we obtained them in the following way. Integrating the density distribution given in [1] , and shown in Figure 5 , we obtained a value for the total mass of 1.985549 × 10 30 kg. In order to calibrate the total mass to the standard value m = 1.9885 ×10 30 kg we multiplied the densities provide in [1] by the small factor 1.9885/1.9855 ≈ 1.0015. With this normalized density we computed I • = 6.877 × 10 46 kg m 2 that implies I • /mR 2 = 0.0715 and R I /R = 0.423. In order to obtain Ω we use the results in [4] in the following way. In this reference there is a graph of the variation of the angular rotation within the Sun as a function of the radius (see [4] Figure 1 , the model which takes into account magnetic effects). This distribution supposes an average surface velocity of 2.9 × ×10 −6 rad/s, we multiplied it by the factor 2.87/2.9 ≈ 0.99) to obtain the most accepted value Ω = 2.87 × ×10 −6 rad/s average angular velocity at the surface [3] . This changes the estimate 2.02 × 10 41 kg m 2 /s for the solar total angular momentum L in reference [4] to 2.00 × 10 41 kg m 2 /s (see [13] for several other estimates of L). Then we defined the average angular velocity Ω = L/I • = 2.91 × 10 −6 rad/s. In order to check the consistency of the models used in [1] and [4] we computed the total angular momentum using the density distribution in [1] and the varying angular velocity given in Figure 1 of [4] , the result is 2.03 × 10 41 kg m 2 /s which is close to the total angular momentum above. Integrating numerically Clairaut's equation we obtained γ C /γ I = 0.6271. The value γ ob /γ I = 0.6313 was computed using Ω = 2.87 × ×10
−6 rad/s as above and J 2 = 0.2295 × 10 −6 [29] . Notice that γ C /γ I and γ ob /γ I are close. The polytrope that corresponds to the ratio R I /R = 0.423 has index n = 3.060 and γ P /γ I = 0.7863, which is 25% larger than the observed value γ ob /γ I . The density function of this polytropic approximation normalized to have the same m = 1.9885 × 10 30 kg is shown in Figure  5 .
l) The Sun IV. There are different estimates of J 2 for the Sun [27] . The quantity γ ob /γ I in Table 2 is very sensitive to variations of J 2 (and also of Ω) while γ I , γ C , γ P , and γ DR do not depend neither on Table 1 of the historical survey [27] , then we obtain 0.1950 < γ ob /γ I < 0.8781 for the variation of γ ob /γ I . The lowest value 0.195 is close to the lower bound of Theorem 4.1, which is 0.169. If we restrict the variation of J 2 to the values from INPOP2008 J 2 = 0.182 × 10 −6 [11] to INPOP2017 J 2 = 0.2295 × 10 −6 [29] , which was the value adopted in this paper, then we obtain 0.6313 ≤ γ ob /γ I < 0.7961. Notice that the value γ ob /γ I = 0.7961, for J 2 = 0.182×10 −6 , is close to the value γ P /γ I = 0.7863 for the polytrope with the same R I /R = 0.423. The sensitivity of γ ob to variations of J 2 , and other parameters as Ω and I • , and the empirical difficulty in obtaining a sharp estimate of this value explains the variation in our previous determinations of γ in [22] and [9] and also shows that in the future we may be enforced to change our estimate of γ ob for the Sun again. So, the simple estimate obtained with the polytropic approximation that does not match by 25% the value γ ob /γ I = 0.6313, 
2 )=dynamic form factor, where C is the polar moment of inertia and A is the equatorial moment of inertia of the rotating body.
(a) The constants for the Sun were obtained according to remark (k) in the text. which we believe is the best at the moment, seems not bad.
Conclusion
Theorems 4.1 and 4.2 establish sharp inequalities for the gravitational rigidity modulus γ as a function of the ratio R I /R. These inequalities, which can be useful in the determination of physical properties of exoplanets, may be improved, or from a practical perspective substituted, in the following way.
The upper bound, γ/γ I ≥ 1.001401, in Theorem 4.2 does not depend on R I /R because the geometric radius R can be artificially large due to the presence of a thick layer of negligible mass. While this is not a drawback for bodies with R I /R close to one, which is the case for most planets in the solar system, it would be useful to have a more realistic upper (and also a lower) bound for γ/γ I when R I /R < 0.7. One way to improve the inequalities in Theorems 4.1 and 4.1 would be to to impose additional restrictions on the density function ρ, besides it being non increasing, or on the definition of R. Then the analysis of the solutions to the differential equations (4.91) and (4.104) under the new constraints would give the desired inequalities. As far as I know there is no well-accepted suggestion of further restrictions on ρ Table 2 . Three different density models were used for the Sun: the index "a" refers to the density distribution in [5] (remark (j)), the index "b" to the density distribution in [1] (remark (k)), and the index "p" to the density of a polytrope of index n = 3.060, which corresponds to R I /R = 0.423, and mass m = 1.9885 × 10 30 kg (remark (k)). The density distribution for the Earth, Jupiter, and Neptune were taken, respectively, from [10] , [12] , and [18] (model N1). Figure 6 : The four graphs in this figure are: the lower and upper bounds for γ/γ I , the Darwin-Radau approximation, and γ P /γ I for polytropes. The points indicated with "obs" represent the values of (R I /R, γ ob /γ I ), where R I /R and γ ob /γ I are given in Tables 1 and 2 , respectively, and those points indicated with "Clairaut" represent (R I /R, γ C /γ I ), where γ C /γ I is given in Table 2 . The vertical line represents the possible values of γ ob /γ I for the Sun as the value of J 2 varies from J 2 = 0.182×10 −6 [11] to J 2 = 0.2295×10 −6 [29] , this last value being that used to obtain γ ob /γ I = 0.6314 (see remark (l)).
Sun [1] 4 Table 2 : γ I = (4/5)(Gm/R 3 I ), γ DR =value of γ obtained from the DarwinRadau approximation (remark (d)), γ P =value of γ for a body made of a polytropic fluid with an index determined by the ratio R I /R (remark (e)), γ C is the value of γ obtained from the numerical integration of Clairaut's equation (the density functions are shown in Figure 5 ),
=the centrifugal acceleration at the equator over the average gravitational acceleration on its surface (small quantity in Clairaut's theory). In reference [18] there are two density models for Uranus and Neptune, (U1) and (N1) indicate the model we used.
or on the definition of R in the physical literature (see [2] for a discussion in this direction). A way to avoid these general restrictions is to assume an archetypal model that we choose as the polytropes.
It has been a practice among researchers, as for instance Chandrasekhar, to use polytropes as a first approximation to more realistic stellar models. As discussed in Section 2.2, a polytrope is characterized by the polytropic index n and two more parameters that can be the mass and the radius or the density at the center and the constant K. It is remarkable that n and R I /R are in one-to-one correspondence and, as shown in Figure 1 , n ≈ 1 − R I R
5.
The gravitational modulus of a polytrope, denoted as γ P , also depends only on the index n and therefore is determined by the value of R I /R. Figure  6 shows that for the Earth, Jupiter and Neptune the value of γ P /γ I is an excellent approximation for γ C /γ I , where γ C is the value of γ obtained from the integration of Clairaut's equation. The same figure shows that γ P /γ I is a good approximation even for the observed values γ ob /γ I for most planets in the solar system 6 with the small deviations being possibly explained by the existence of non-gravitational stresses, transient behavior, or higher order corrections in the small parameter Ω 2 R 3 /(Gm), as argued in the second paragraph of Section 5. For the Sun, if J 2 is chosen as 0.2295 × 10 −6 [29] , then |γ P /γ ob − 1| = 25%; and if J 2 is chosen as 0.182 × 10 −6 [11] , then |γ P /γ ob − 1| = 1% (see the vertical line in Figure 6 and the remark (l) in Section 5). So within the range of different values of J 2 in the recent literature [27] the value of γ P /γ I is acceptable even for the Sun. These considerations lead me to the following:
Practical rule for the estimation of γ: The mass m and the moment of inertia I • of a large celestial body determine its inertial radius R I =
5I• 2m
and its square inertial frequency γ I = (4/5)(Gm/R 3 I ). If in addition the volumetric radius R of the body is given, then the ratio R I /R and the graph in Figure 1 determine the value of γ P /γ I for a polytrope. The gravitational modulus of rigidity γ of the body is approximately given by γ/γ I ≈ γ P /γ I . If R I /R > 0.7, what happens for the planets in the solar system, then γ/γ I ≈ γ P /γ I ≈ 1.
A Appendix: Proofs of some Propositions
The following simple result is widely stated in the literature with no proof or reference. being achieved when all the mass is uniformly distributed over a spherical shell of radius R. If in addition ρ is non-increasing then
In this case, R I /R = 1 if and only if ρ is constant.
9% because Mars may not be in hydrostatic equilibrium, for the remaining planets the error is within 3%. In the case ρ is C 2 the proof of this result, and more, can be found in [21] chapter IV.
In order to solve equation (2.18) we will solve the boundary value problem in equations (2.37), (2.38), and (2.39). At first we show that any solution to equations (2.37) with the jump conditions (2.39) imply that ǫ is C 1 . Within the intervals (r j , r j+1 ), ǫ(r) = − 
